Model-Based Controller Design

Optimal linear quadratic (LQ) control
Given the LTI plant model, with directly measurable state x:

x(t) = Ax(t) + Bu(t) ) n m l
b6 = xo + Du(ry? X EFMUERMYER
Find the control u to minimize the performance index (cost):

J = 5xT(t)Mx(tr) +5 [T [xT(©)Qx(t) +uT () Ru(D)]dt
where R=RT >0, Q=0T >0, M = MT > 0 are weight matrices

* The optimal LQR control is found by minimizing the Hamiltonian function:
H =[x (£)Qx(t) + uT (DRu(®)] + AT (£)[Ax () + Bu(t)]

where A(t) is the Lagrangian multiplier

5u=0 Ru(t) + BTA(t) = 0 u(t) = —R~1BTA(t)
So,let {2 =A(t) = {0x(t) + ATA(t) = A(t) = SA®) = ATA(L) + Qx(b)
3_1; = x(t) Ax(t) + Bu(t) = x(t) x(t) = Ax(t) + Bu(t)
* For LTI systems A(t) = P(t)x(¢) r=Q Ul prant XS
= Optimal LQ control:  u(t) = —K(t)x(t) )i )
where K(t) = R™IBTP(t) K I
and P(t) is the solution of the differential Riccati equation (DRE):
P(t) =ATP(t) + P())A+ Q —P(t)BR™'BTP(t) , P(t;)=M



Optimal Linear Quadratic (LQ) Control

Linear quadratic regulator (LQR)

Given the plant model:
{J'c(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)’
Minimize the performance index (cost), for t; = oo (steady-state case):
J =5 I 1T (©Qx () +uT ()Ru(®)]dt
where R = RT >0, Q = QT > 0 are weight matrices

x € R™,u € R™,y € R!

* Fort; = oo, P(t) = P (constant)

r=0

4 Plant
— LQR control:  u(t) = —Kx(t) %

where K = R™'BTP
and P is the solution of the algebraic Riccati equation (ARE):
ATP(t) + P()A+Q — P(t)BR™'BTP(t) =0

Closed-loop system equation (r = 0):
x(t) = (A— BK)x(t) + Br
{y(t) = Cx(t) + Dr
Or, equivalently, the quadruple [(A — BK), B, C, D]



Optimal Linear Quadratic (LQ) Control

Linear quadratic regulator (LQR)

Given the plant model:

(t) = Ax(t Bu(t
{x() x(t) + Bu(t) xER",uERm,yERl

y(t) = Cx(t) + Du(t)’

r u
—>I N =>()—>| Plant
+ -

Let u(t) = —Kx(t) + Nr .
— LQR state feedback control gain: K = R 1BTP

and P is the solution of the algebraic Riccati equation (ARE):
ATP() + P()A+Q — P(t)BR™'BTP(t) =0

Choose N so that the closed-loop DC-gain is equal to one.

Closed-loop system equation:
{X(t) = (A — BK)x(t) + BNr
y(t) = Cx(t) + DNr
Or, equivalently, G(s) = [C(sl — (A - BK))_lB + D] N
Or, the quadruple [(A — BK), BN, C,DN]
dc-Gain: G(0) = —-[C(A—BK)"'B+DIN=1
— Feedforward control gain: N =—[C(4A—-BK) B+ D] !




Linear quadratic regulator (LQR)

Matlab functions: are(), Igr(), care(), dcgain(), (=0

> Plant
 Forexample: P=are(A,B*inv(R)*B’,Q); _

[K,P]=lgr(A,B,Q,R); K
[P,L,K]=care(A,B,Q,R,S,E);

02 05 0 0 0
¢(t) = Ax(t) + Bu(t) . 0 -05 16 0 0
Example: Let {x( ,with A=| 0 0 -143 858 0
y(€) = Cx(6) + Du(t) 0 0 0 —333 100
. Lo 0 0 0  —10.
0
B=|0| c=[1 0 0 0 0, D=0.
0
30

* Find the LQR control u(t) = —Kx(t) and plot the closed-loop step response
forR =1, Q = diag{p, 0,0,0,0}, and p = 1,5,10,50,100.

* Also, for p=100, plot the closed-loop states



Linear quadratic regulator (LQR)

Matlab code: , J y
> Plant >
A=[-0.2,0.5,0,0,0; 0,-0.5,1.6,0,0; _
0,0,-14.3,85.8,0; 0,0,0,-33.3,100; Optimal solution: K|
P=
0,0,0,0,-10]; B=[0;0;0;0;30]; 0.3563 0.0326 0.0026 0.0056 0.0309
C=[1,0,0,0,0]; D=0; rho=1; 0.0326 0.0044 0.0004 0.0009 0.0056
R=1: Q=diag([rho,0,0,0,0]); 0.0026 0.0004 0.0000 0.0001 0.0005
’ R 0.0056 0.0009 0.0001 0.0002 0.0012
for rho=[1,5,10,50,100], 0.0309 0.0056 0.0005 0.0012 0.0088

Q(1,1)=rho; [K,P] =lqr(A,B,Q,R),
step(ss(A-B*K,B,C,D)); hold on;
end, hold off;

K=
0.9260 0.1678 0.0157 0.0371 0.2653

. u(t) = —Kx(t) +r
* Or, instead of Igr(), use:

P=are(A,B*inv(R)*B',Q),
KzinV(R)*BI*P’ States x2, ..., x5

Closed-loop Step Response

Step Response
14 . -
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p=1

I~
A 1
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* Closed-loop states R
Q(1,1)=100; [K,P] =Iqr(A,B,Q,R); Ac=A-B*K; N C ) pss
[y,t,x]=step(ss(Ac,B,C,D)); plot(t,x(:,2:5)); grid; | :
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LQR for Discrete-Time Systems

Discrete-time LQ control

Given the plant model:
x(k + 1) = Ax(k) + Bu(k)
{ y(t) = Cx(t) + Du(t) '’
Minimize the performance index (cost):
J = 2 ZR_olxT (k) Qu (k) + uT (k) Ru(k)]
where R = RT > 0, Q = QT = 0 are weight matrices

— Discrete LQ control: u(k) = —Kx(k)
where K = R™1BTP(k)
and P (k) is the solution of the dynamic/difference Riccati equation (DRE):
P(k) =AT[P(k+1)—P(k+1)BR 'B'P(k+1]JA+0Q, P(N)=0

For steady-state case (N = o)
* Pis a constant matrix

—> Discrete LQR
= u(k) = —Kx(k) Matlab functions:

where K = (R + B"PB)"'B"PA digr(), dare(),
and P = AT[P — PBR™'BTP]A+(Q

x € R™,u € R™,y € R!




Selection of Weighting Matrices

Single-input, single-output (SISO) case:

LQR control (a possible choice for weight matrices)

* R=1,0 =diag(Ximaxr > Xnmax), Where Xjmq, is the maximum expected value
of state x;(t)

Cheap control (control effort is inexpensive)
* R=1,0 = pQy, where @, = QOT > 0 and p > 0 is alarge number

Expensive control (control effort is expensive)
« R=1,Q =pQ,, where Qy = Q," = 0and p > 0is a small number

Terminal control (terminal state must tend to zero)
« Q=0,M=pM,, where My = M," = 0 and p tends to infinity
* Here, the DRE changes to:
—P(t) = ATP(t) + P())A— P(t)BR™IBTP(t) , P(t) = pM,
Equivalently, let TI(t) = P~1(¢)
= M(t) = N)AT + All(t) — BR*BT, 1(t) =0



LQR with Degree of Stability a

Plant model: {"‘(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)
Degree of stability a
e All closed-loop poles are to the left of —a
* Define a new performance index (cost)

J = J,, e X" (©0x(®) +uT (DRu(D)]dt
where R = RT > 0, Q = QT > 0 are weight matrices

§(t) = e“x(t)

v(t) = e®u(t)
New state equation and performance index (cost)

 Define a new state variable and control {

E(t) = (A+ aD&(t) + Bu(b)

1 poor,y . Matlab code:
/= 2 fto [€ (0)Q(®) +v (ORv(t)]dt P=are((A_a*eye(size(A))),B*inv(R)*B’,Q);
LQR with degree of stability a k=inv(R)*B'*P;
u(t) = —Kx(t) e

or use Igr() with A replaced with (A+al)

where K = R~1BTP
and the modified AREis: (A + al)"P+P(A+ al)+Q — PBRIB'P =0



Observer Design

LQR assumptions:

1. Plant model is perfectly known: {x(t) = Ax(t) + Bu(¢)

y(t) = Cx(t) + Du(t)
2. All states are directly measurable
* If assumption 1 is not true (the model has uncertainties), use robust control

* If assumption 2 is not true (only the output is measurable), use an observer
e System must be observable

Observer (state estimator) design:
* Create a copy of the plant model with corrective term

{a*c=Aa?+Bu+Ko(y—y)

y =CX + Du
* Choose the observer gain K, so that all eigenvalues of (4 — K,C) are in LHP
Plant
U |x(t)=Ax(t)+Bu(t)| Y
Observer T y(t) = Cx(t) + Du(t) ]

RS

x(t) = (A—K,0)x(t) + (B — K,D)u(t) + K,y

o
<




Observer-Based Controller Design

For plant model, (assuming that the state vector x is not measured):

{J'c=Ax+Bu
y =Cx + Du

An observer-based controller has the form:

A 4

v

v

{£=A£+Bu+Ko(y—C£—Du) LN U [ oot
u=—Kx+ Nr _’i R J
* The observer can be written as: K 1 observer
x=A-K,0)+ (B—K,D)u+K,y )
* Or, by superposition:
X, = (A—K,C)%, + (B — K,D)u
Xy = (A—KOC)J?y+KOy , y
=R, +% —| N PO ] | G(s)
Observer-based controller, (¥ = £, + £,). _u | Gy(s)
. Y
(%, = (A—K,0)%, + (B — K,D)u Gy(s)
R = Gy (s)
u, = KXx,
= 1%, = (A—K,0)%, + K,y N u.
~ = Gy(S) N Guc(s) - G(S)
u, = Kx, -
= Nr —u., — .
Lo ET T TR Gue(s) = 11 + Gy ()] ™" Gls) |




Observer-Based Controller Design

Matlab function: reg(),
Syntax: [Ac,Bc,Cc,Dc]=reg(A,B,C,D,K,Ko);

Or: Gc=-reg(G,K,Ko)
-02 05 0
. x(t) = Ax(t) + Bu(t) . o -05 16
Example: et {70750 o, with 4= 0 07 ik
0 0 0

C=[1 0 0 0 0,D=0.

Find the observer-based LQR control u(t) = —Kx(t) + r for R = 1, Q = diag{1,0,0,0,0}, using
an observer gain K, = [-8.3 979.24 —19367.61 4293.85 0]7, and then plot the closed-

loop step response. r e

Matlab code: %
A=[-0.2,0.5,0,0,0; 0,-0.5,1.6,0,0;

0

0
0 0
85.8 0 ||B=
—33.3 100

0 —10

u

G(s) > Gls)

7

y

0,0,-14.3,85.8,0; 0,0,0,-33.3,100;

0,0,0,0,-10]; B=[0;0;0;0;30];

C=[1,0,0,0,0]; D=0; R=1; Q=diag([1,0,0,0,0]);
G=ss(A,B,C,D); [K,P] =Iqr(A,B,Q,R);
Ko=[-8.3,979.24,-19367.61,4293.85,0]';
Ge=-reg(G,K,Ko); zpk(Gc),

Gcll=ss(A-B*K,B,C,D); Gcl2=feedback(Gc*G,1,-1);
step(Gcll1,Gcl2);
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Pole Placement Design Technique

x = Ax + Bu
y =Cx+ Du
* |If (4,B) is controllable and x is directly measurable, the closed-loop poles
(eigenvalues of (4 — BK)) can be arbitrarily assigned
— Imaginary poles, however, must come in conjugate pairs

Given the system { with a state feedback control u = —Kx + Nr

* The system’s open-loop characteristic equation is:
a(s) =det(sl —A) =s"+a;s" 1+ -+ a,_1s+ a,
* The system’s closed-loop characteristic equation is:
5(s) =det(sl —A+BK) =s"+d;(K)s™ 1+ +d,_,(K)s + d,(K)

* Let the desired closed-loop poles be: y;,i=1,..,n
— The desired closed-loop characteristic equation can be written as :

a(s) =[1L(s—u)=s"+a;s" 1+ -+ a,_1s+a,
Feedback gain Kk =[k; - k,] can be found, by equating §(s) and a(s), as
dl(K). =,
6(s) = a(s) = {dn—l(K): . K=1[k; - kp]=?
dn(K) = Un



Pole Placement Control Algorithms

* Bass-Gura algorithm
K=[a—a]'Llc™?

n-1 Ap-2 - a; 1
Ap_2 Qap_3 ... 1
where [a—a]’ =[@&1—a; = ap—an],C=[Bp AB - A™B],and L= P "
a; 1
1

is the non-singular Hankel matrix

* Ackermann’s algorithm
— Can be applied only to SISO systems
K=[0 - 0 1]Cc7'a
wherea” =[a1 - ay],C=[B AB .- A" 1B]
 Numerically robust pole-placement algorithm (place)

— Can be applied to MIMO systems
— Desired poles must all be distinct

Matlab functions: bass pp(), acker(), place(), | Matlab function for Bass-Gura algorithm
— function K=bass_pp(A,B,p)
K bass_pp(A,B,pdes) n=length(B); al=poly(p);
K=acker(A, B: pdes) alpha=[al(n:-1:2),1]; C=ctrb(A,B);
K=p|ace(A, B'pdes) a=poly(A); aa=[a(n:-1:2),1]; L=.hankel.(aa);
where Oy, = desired cIosed-Ioop poles K=(al(n+1:-1:2)-a(n+1:-1:2))*inv(L)*inv(C);



Pole Placement Control Design

Example: Consider the multivariable system model {x _ Ax + Bu with
y =Cx+ Du
0 2 0 0 -2 0 12
1 0 0 0 0 -1 0 0
0 1 0 0 0 0 0 1
A=l0 o o 3 o olB=|o _ilc=01 0 0 0 0 0,D=0
2 0 0 1 0 0 0 1
0 0 -1 0 1 0 0 0!

* Design a state feedback control u = —Kx + Nr so the closed-loop poles are at:
u; = -1,-2,-3, -4, -14j. Also draw the closed-loop step response.

Matlab code:
A=[0r2r0r0r_2r0; 1r0r0r0r0r_1; Olllolololo; 01010131010; 21010111010; Olol-llolllo];
B=[1,2;0,0; 0,1; 0,-1; 0,1; 0,0]; C=[1,0,0,0,0,0]; D=0; Step Response
pdes=[-1,-2,-3,-4,-1+i,-1-i]; 35 e Fom e
K=place(A,B,pdes), N=inv(diag(dcgain(ss((A-B*K),B,C,D)))), ’
25
eig(A-B*K), sys_cl=ss((A-B*K),B*N,C,D); dcgain(sys_cl); . | |
step(sys C|)' g . Response to ul | Response to u2»
p— 4 g- i
Control gains: 05
K = [8.0037 —26.0056 —26.1122 16.3759 23.2324 28.7704 s
0.1759 -3.0018 —3.1317 -=7.7366 2.0396 2.6613 09
N = [_10'9884 0 ] 1 2 4 6 0 2 4 6
0 136388 Time (sec)



Pole Placement Control Design Technique

* Observer design using pole placement technique

— Dual of control design problem

* Matlab functions: place(), acker(),

0 1 0 O] 0
A x=Ax+Bu . 1o 0 -1 0 11
Example: Given the plant {y CoerpgWitha=10 o o ([B=]o
0 0 11 O] |—1]
C=[1 2 3 4],D=0
* Design an observer with polesat: sy ,34 = —1,—2,—-1 % i
Matlab code:
A=[0,1,0,0; 0,0,-1,0; 0,0,0,1; 0,0,11,0]; Observer gain:
B=[0; 1; 0; -1]; C=[1,2,3,4]; D=0; —0.2203
_ : 1. _1—-0.4750
pdes=[-1, -2, -1+i, -1-i]; K, = 047238
Ko=place(A',C',pdes)’, eig(A-Ko*C), 1.2247




Pole Placement Control Design Technique

Observer-based controller design using pole placement

x = A B
Plant: {x — oo
y = Cx + Du r u_ Y,
A - ( ” Du) — N —»i Jr Plant >
. X=AXx+Bu+K,(y—Cx — - N
Controller: {u IR Y k [&{observer .
Equivalently:
G.(5) = Uy(s) [A—BK—-K,C+ K,DK KO] r u, u y
)=S0 T K 0 — Gs) T G(s) >
Ur(s) _[A—BK—-K,C+K,DK (B—K,D)N Uy )
T'C(S) R() [ _IO( ° NO Gc(s) N

Closed-loop system:

{[;] = leC A— B_Iflf KOC] HE [g] N

y=I[c -DKI||+[DINr

= Gyls) = ([c —DK] [sl—(K‘jC A KOC)]_l ]+ [D])N

— -1 -1
DC-gain=G,4(0) =1 = N-= —<[C —DK] Kfc 2 _B]flf K,C [g] + [D])



Pole Placement Control Design Technique

Observer-based controller design using pole placement

. -0.3 0.1 —-0.05 2
Example: Given the plant {; _ Zl‘;c ::__ gz withA=1] 1 0.1 0 |\B= O‘,
—-1.5 -89 -0.05 4

C=[1 2 3],D=0

* Design an observer-based controller u = —Kx + Nr so the closed-loop poles are
at: p1,3 = —1,—2,—3 and the observer poles are at s, , ;3 = =10, —20, 30

Matlab code: Controller gains:
K =[3.6496 57189 —0.3873],

A=[-0.3,0.1,-0.05; 1,0.1,0; -1.5,-8.9,-0.05]; _ 2258203
B=[2; 0; 4]; C=[1,2,3]; D=0; K, =1 —-17.9695 ] '

Step Response
pcdes=[-1, -2, -3]; podes=[-10, -20, -30]; N = —oti0678 1 .

K=place(A,B,pcdes), Ko=place(A',C',podes)’,

N=inv(dcgain(ss([A,-B*K;Ko*C,A-B*K-Ko*C],[B;B],[C,-D*K],D))), g
Gcl=ss([A,-B*K;Ko*C,A-B*K-Ko*C],[B;B]*N,[C,-D*K],D*N); o/
Step(Gcl); |/




Decoupling Control of Multivariable Systems

Decoupling control with state feedback ~o.[c o Mo-Tv 6
e Plant (A,B,C,D) with m inputs and m outputs i |
e State feedback control: u = Nv — Kx

A 4

For each row ch of C, let dj € {0,1,---,n — 1} be the smallest integer where chAdJ'B =0

Decoupler gains: N=B,"!, K=N

CmTAdm+1

Decoupled model:

G,(s) = diag (deﬂ,---,sdm;ﬂ)
Now, design a controller G; for each Gy;:
Gc(s) = diag(Ger(s), -+, Gem(s))
Matlab function: decoupler(),
Syntax: [G1,K,d,N]=decoupler(G)

where G and G1 are the plant and decoupled models,

K and N are the feedback and feedforward gains,
d is the vector of dj’s

c;TAYB

, (ifB; = is nonsingular)

Cpp ! A%mB

Matlab code for decoupler function:
function [G1,K,d,Gam]=decoupler(G)
A=G.a; B=G.b; C=G.c; [n,m]=size(G.b); B1=[]; KO=[];
for j=1:m,

for k=0:n-1,

if norm(C(j,:)*A”k*B)>eps, d(j)=k; break; end,

end,

B1=[B1; C(j,:)*A"d(j)*B]; KO=[KO; C(j,:)*A*(d(j)+1)];
end,
Gam=inv(B1); K=Gam*KO0;
Gl=minreal(tf(ss(A-B*K,B,C,G.d))*inv(B1));




Decoupling Control of Multivariable Systems

Pole placement decoupling control with state feedback

Decoupled System
» State feedback control: u = Nr — Kx r;-----P-;;-Y-----y

—# N G(s) —E’
c,TAMB ciT (AT + ag A% + -+ ag g, 41]) | _’% ﬂi
Define: E = : and F = : | |

Cpy L A%mB Cn T (A%m* + g A% 4t a g q])

Pole placement: Assign control gains so that the transfer function of the jth subsystem is equal to
the n-th-order optimal ITAE standard TF: Tnj(s) = :

sn1+alsn1 +---+an]._1s+anj

, n; = djyq, With parameters:

Denomi f T,,(s) with a, = @? i
me enominator of Ty, (s) with a, = @ Matlab code for std tf function:

S+ w,
function G=std_tf(wn,n)

% 6. 2 . 2 . .
2 4.6% 6.0 7+ Ldlaps + on if n>6, disp('n must be less than 7'); end
3 2% 7.6 s34+ 1.75w,5% + 2.15w2s + w3 M=[1,1,0,0,0,0,0; 1,1.4,1,0,0,0,0;
4 1.9% 5.4 st + 21w, s + 2.4w3s% + 2.7w3s + w;t 1,1.75,2.15,1,0,0,0; 1,2.1,3.4,2.7,1,0,0;
5 2.1% 6.6 s5+ 2.8w,s* + 5.0w2s3 + 5.50w3s% + 2.4wis + w) 1,2.8,5,5.5,3.4,1,0; 1,3.25,6.6,8.6,7.45,3.95,1];

6 5% 7.8 s+ 2.25w,s° + 6.6w2s* + 8.6w3s3 + 7.45wis? + 2.95ws + wf | G=tf(wn”n,M(n,1:n+1).*(wn*ones(1,n+1)).A[0:n]);

Decoupled transfer function: ¢,(s) = diag( a1d; 41 . Gy )

Sd1+1+a1‘15d1 +eot e, dg 1 ’ ’ 5dm+1+am,15dm+"‘+am,dm+1

Control gains: K=E'F, N=E M, withm= diag(ay g,+1,*» +ama,+1), (if E is nonsingular)



Pole Placement Control Design Technique

Pole placement decoupling control with state feedback

Matlab functions: std_tf(), decouple pp(),

Syntax: G=std_tf(wn,n);
[G1,K,d,N]=decouple_pp(G,wn)

x =Ax + Bu .
Example: For plant with
P P y =Cx+ Du

225 -5 —125 —05 4 6

225 —425 —125 —025 2 4| . 0 0 0 1
A=1025 —05 -125 -1 |B=|2 z'C‘[o 2 0 2]'

125 —175 —025 —0.75 0 2
00
D_[o o]

* Design an observer-based controller
u = —Kx + Nr so the closed-loop poles are
defined by the optimal ITAE standard transfer
function with w,, = 5 rad/sec

Matlab code:
A=[2.25,-5,-1.25,-0.5; 2.25,-4.25,-1.25,-0.25;
0.25,-0.5,-1.25,-1; 1.25,-1.75,-0.25,-0.75];
B=[4,6; 2,4; 2,2; 0,2]; C=[0,0,0,1; 0,2,0,2]; D=[0,0; 0,0];
G=ss(A,B,C,D); [G1,K,d,N]=decouple_pp(G,5),
step(G1);

Matlab code for decouple pp function:

function [G1,K,d,N]=decouple_pp(G,wn)
A=G.a; B=G.b; C=G.c; [n,m]=size(G.b); E=[]; F=[];
for j=1:m,

for i=0:n-1,

if norm(C(j,:)*ANi*B)>eps, d(j)=i; break; end,

end,

gl=std_tf(wn,d(j)+1); [~,cc]=tfdata(gl,'Vv');

F=[F; C(j,:)*polyvalm(cc,A)]; E=[E; C(j,:)*A"d(j)*B];
end,
Gams=inv(E); K=Gam*F; GO=tf(ss(A-B*K,B,C,G.d));
N=Gam*inv(dcgain(G0*Gam)); G1=minreal(GO*N);

Controller gains:

K = [ 0.125 2.125 —-0.375 —4.375
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